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TROPICAL CURVES IN SANDPILE MODELS
NIKITA KALININ, MIKHAIL SHKOLNIKOV
Abstract. A sandpile is a cellular automata on a subgraph Ωh of hZ2 which evolves by the toppling
rule: if the number of grains at a vertex is at least four, then it sends one grain to each of its neighbors.
In the study of pattern formation in sandpiles, it was experimentally observed by S. Caracciolo,
G. Paoletti, and A. Sportiello that the result of the relaxation of a small perturbation of the maximal
stable state on Ωh contains a clearly visible thin balanced graph in its deviation set. Such graphs are
known as tropical curves.
In this paper we rigorously formulate (taking a scaling limit for h → 0) this fact and prove it.
We rely on the theory of tropical analytic series, which describes the global features of the sandpile
dynamic, and on the theory of smoothings of discrete superharmonic functions, which handles local
questions.
Figure 1. The evidence for a thin balanced graph as a deviation set of a sandpile.
See Example 1.10 for details. White corresponds to three grains, black to one, circles
for two, crosses to zero, skew lines are the boundary vertices. Grey rounds represent
the positions of added grains.
1. Main result
1.1. Graphs in admissible domains.
Definition 1.1 ([4]). A convex closed subset Ω ⊂ R2 is said to be not admissible if one of the following
cases takes place:
• Ω has empty interior Ω◦ (i.e. Ω is a subset of a line),
• Ω is R2,
• Ω is a half-plane with the boundary of irrational slope,
• Ω is a strip between two parallel lines of irrational slope.
Otherwise Ω is called admissible.
From now on we always suppose that Ω is an admissible convex closed subset of R2.
Definition 1.2. Consider the lattice hZ2 = {(ih, jh)|i, j ∈ Z} with the mesh h > 0, hZ2 is naturally
a graph whose all vertices have valency four: we connect by edges the pairs z, z′ ∈ hZ2 of points with
|z − z′| = h and denote this by z ∼ z′. Let Ωh = hZ2 ∩ Ω◦ and let ∂Ωh be the set of vertices of Ωh
which have a neighbor vertex outside Ω◦.
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1.2. Sandpiles. A state φ of the sandpile model on Ωh is a function φ : Ωh → Z≥0 on vertices of Ωh.
We interpret φ(z) as the number of grains of sand in z ∈ hZ2. A vertex z0 ∈ Ωh \∂Ωh is called unstable
if φ(z0) ≥ 4, and in this case z0 can topple, producing a new state φ′ : Ωh → Z≥0 by the following local
rule changing only z0 and its neighbors:
φ′(z) =

φ(z)− 4 if z = z0;
φ(z) + 1 if z ∼ z0;
φ(z) otherwise.
Note that we prohibit making topplings at the vertices in ∂Ωh (or, equivalently, we think of ∂Ωh as
sinks). A relaxation is doing topplings at unstable vertices while it is possible: if Ωh is finite, then any
relaxation eventually terminates. To make sense of a relaxation for an infinite Ωh see [5], this theory
of so-called locally-finite relaxations is quite parallel to the finite case. We denote by φ◦ the result
of a relaxation of φ. It is a classical fact that φ◦ does not depend on the relaxation and is uniquely
determined by φ. For a survey about sandpiles see [10] and references therein.
1.3. Tropical series.
Definition 1.3. An Ω-tropical series is a continuous function f : Ω→ R≥0, f |∂Ω = 0, such that
(1.4) f(x, y) = inf
(i,j)∈A
(aij + ix+ jy), aij ∈ R,
for (x, y) ∈ Ω◦, and A is an arbitrary subset of Z2 . An Ω-tropical analytic curve C(f) on Ω◦ is the
corner locus (i.e. the set of non-smooth points) of an Ω-tropical series f on Ω◦.
Note that such f , a function Ω→ R, has many presentations in the form (1.4). We suppose that A
is chosen to be maximal by inclusion and the coefficients aij are as minimal as possible. We call this
presentation the canonical form of a tropical series. For each Ω-tropical series there exists a unique
canonical form of it. As we proved in [4], for each Ω-tropical series f , for each z ∈ Ω◦, f is given by
the minimum of a finite number of monomials aij + ix + jy in a small neighborhood of z. Therefore
locally C(f) is a graph with straight edges.
Definition 1.5. Let p1, . . .pn ∈ Ω◦ be different points, P = {p1, . . . ,pn}. We denote by fΩ,P the
pointwise minimum among all Ω-tropical series non-smooth at all the points p1, . . . ,pn.
Lemma 1.6 ([4]). The function fΩ,P is an Ω-tropical series.
Definition 1.7. We say that ph ∈ hZ2 is a rounding of a point p ∈ R2 with respect to hZ2 if the
distance between p and ph is less than h.
1.4. Main theorem.
Definition 1.8. Denote by 〈3〉 the maximal stable state, the state which has exactly three grains at
every vertex of the graph. For a state ψ on Ωh, its deviation locus D(ψ) is
D(ψ) = {z ∈ Ωh|ψ(z) 6= 3}.
S. Caracciolo, G. Paoletti, and A. Sportiello proposed to look at the result of the relaxation of a
small perturbation (by adding grains to several points) of 〈3〉 on Ω∩Z2. They observed [1, 2] that the
deviation locus of the relaxed state looks like a balanced graph (see Figure 1), also known as a tropical
curve [12]. We rigorously formulate this as follows.
Let P be a finite subset of Ω◦ and Ph = {ph|p ∈ P} be a set of proper roundings (Definition 6.1)
of points in P with respect to the lattice hZ2. Consider the state φh of a sandpile on Ωh defined as
(1.9) φh = 〈3〉+
∑
p∈P
δ(ph).
Our main result is the following theorem announced in [6].
Theorem 1. The family of deviation sets D(φ◦h) converges (by Hausdorff, on compact sets in Ω
◦) to
the tropical curve C(fΩ,P ) as h→ 0.
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The ambiguity with roundings is justified as follows. The corresponding (p1,p2, . . . ,pn) → fΩ,P
is continuous for a generic set P of points, and, in this case, Theorem 1 holds for any rounding Ph of
P . But if P belongs to the discriminant set of configurations, then φ◦h does not depend in any sense
continuously on the points where we drop additional sand; the susceptibility of a sandpile is very big.
For different roundings of p1, . . . ,pn with respect to hZ2 we can obtain drastically different pictures
of φ◦h (e.g. see Figure 5.4 in [18]). Thus, for P in the discriminant we rather prove that there exist
so-called proper roundings Ph such that the above convergence result takes place.
Example 1.10. Let Ω is a triangle given by three lines
x− y = 0, 4x+ y = 30, x+ 4y = 120.
Let p1,p2,p3 be the points (7, 22), (12, 20), (12, 16), k = 3. Figure 1 shows the results of the relaxation
of φh = 〈3〉 +
∑k
i=1 δpi for h = 1/N where N = 1, 2, 4, 8. Pictures like that firstly appeared in [1]. It
was observed by the authors of [1] that the deviation locus in Figure 1 looks balanced: at every vertex
of the deviation graph the sum of outgoing primitive vectors in the directions of the edges is zero. This
is a well-known property of planar tropical curves.
2. Tropical series and the dynamic by operators Gp
For a detailed introduction to tropical series see [4]. Recall that Ω is admissible and P =
{p1, . . . ,pn} is a finite collection of points in Ω◦. Let g be an Ω-tropical series.
Definition 2.1 ([4]). Denote by V (Ω, P, g) the set of Ω-tropical series f such that f |Ω ≥ g and f is
not smooth at each of the points p ∈ P. For a finite subset P of Ω◦ and an Ω-tropical series f we define
an operator GP , given by
GP f(z) = inf{g(z)|g ∈ V (Ω, P, f)}.
If P contains only one point p we write Gp instead of G{p}.
•
Figure 2. On the left: Ω-tropical series f = min(x, y, 1 − x, 1 − y, 1/3) and the
corresponding tropical curve. On the right: G( 15 ,
1
2 )
f = min(x + 215 , y, 1 − x, 1 − y, 13 )
and the corresponding tropical curve. The fat point is ( 15 ,
1
2 ).
Proposition 2.2 ([4]). Let Q = {q1,q2, . . . } be an infinite sequence of points in P where each point
pi, i = 1, . . . , n appears infinite number of times. Let g be any Ω-tropical series. Consider a sequence
of Ω-tropical series {fm}∞m=1 defined recursively as
f1 = g, fm+1 = Gqmfm.
Then the sequence {fm}∞m=1 converges pointwise to GP g.
Definition 2.3. For an Ω-tropical series f in the canonical form (1.4), (k, l) ∈ A, and c ≥ 0 and we
denote by Addcklf the Ω-tropical series
(Addcklf)(x, y) = min
akl + c+ kx+ ly, min
(i,j)∈A
(i,j)6=(k,l)
(aij + ix+ jy)
 .
Lemma 2.4. Let f = min(i,j)∈AΩ(ix + jy + aij) be an Ω-tropical series in the canonical form, such
that the curve C(f) doesn’t pass through a point p = (x0, y0) ∈ Ω◦, and f is akl + kx + ly near p.
Then Gpf differs from f only in a single coefficient akl, i.e. Gpf = Add
c
klf for some c.
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Remark 2.5. Let i, j, c be such that Gpf = Add
c
ijf . We can include the operator Add
c
ij into a
continuous family of operators
f → Addctijf, where t ∈ [0, 1].
This allows us to observe the tropical curve during the application of Addcij , in other words, we look
at the family of curves defined by tropical series Addctijf for t ∈ [0, 1]. See Figure 3.
•p
Φ
•p •p
Figure 3. Illustration for Remark 2.5. The operator Gp shrinks the face Φ where
p belongs to. Firstly, t = 0, then t = 0.5, and finally t = 1 in Addctijf . Note that
combinatorics of the new curve can change when t goes from 0 to 1.
Remark 2.6. Note that in the case when Ω is a lattice polygon and the points P are lattice points, all
the increments c of the coefficients in Gp = Add
c
kl are integers, and therefore the sequence {fi} always
stabilizes after a finite number of steps.
Lemma 2.7 ([4], cf. Lemma 7.1). Let ε > 0,B ⊂ Z2 and f, g be two tropical series in Ω◦ written as
f(x, y) = min
(i,j)∈B
(ix+ jy + aij), g(x, y) = min
(i,j)∈B
(ix+ jy + aij + δij).
If |δij | < ε for each (i, j) ∈ B, then C(f) is 2ε-close to C(g).
Corollary 2.8. Note that if Gqn . . . Gq1g is close to the limit GP g, then Lemma 2.7 implies that the
tropical curves are also close to each other.
3. Constriction
Definition 3.1. Let ∆ ⊂ R2 be a finite intersection of half-planes (at least one) with rational slopes.
We call ∆ a Q-polygon if it is a closed set with non-empty interior.
If Ω is a Q-polygon, then we fully control the behavior of D(φ◦h) by means of [5], so reducing the
general problem to Q-polygons seems to be an unavoidable technical step. Note that a Q-polygon is
not necessary compact. It is easy to verify that a Q-polygon is admissible (Definition 1.1). The next
lemma provides us with a family of Q-polygons exhausting Ω.
Lemma 3.2 ([4]). For each compact set K ⊂ Ω◦ such that P ⊂ K and for each ε > 0 small enough
there exists a Q-polygon Ωε,K ⊂ Ω such that B3ε(K) ⊂ Ωε,K and the following holds:
fΩ,P = fΩε,K ,P + ε on B3ε(K).
If Ω is a compact set, then Ωε,K is the set {fΩ,P ≥ ε} for ε small enough. For non-compact Ω we
additionally cut the set {fΩ,P ≥ ε} far enough from K.
Corollary 3.3. The tropical curves defined by fΩ,P and fΩε,K ,P coincide on K, i.e.
C(fΩ,P ) ∩K = C(fΩε,K ,P ) ∩K.
Lemma 3.4 ([4]). Choose ε > 0. For a given Q-polygon ∆ and a finite set P ⊂ ∆◦ there exist a
Q-polygon ∆′ ⊂ ∆ and a ∆′-tropical polynomial g such that
a) g|∆′ < ε, the curve C(g) is smooth, and GP g = GP 0∆′ ,
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b) GP g is ε-close to GP 0∆.
Using Proposition 2.2 let us write G = GqmGqm−1 . . . Gq1g such that G is ε-close to GP g.
c) Then, during the calculation of G we never apply a wave operator Gp for a point in a face with
a common side with ∂∆′.
Note that in the product GqmGqm−1 . . . Gq1g each Gqk is the application of Add
ek
ik,jk
for
some ek > 0, i.e. we increase the coefficient in the monomial ikx+ jky by ek. So we have
(3.5) GqmGqm−1 . . . Gq1g = Add
em
imjm
Add
em−1
im−1jm−1 . . .Add
e1
i1,j1
g.
For a constant M we replace in (3.5)
Gqk = Add
ek
ikjk
by G◦qk := Add
ek−Mh
ikjk
for k = 1, . . . ,m.
Denote f0 = g, fk+1 = Add
ek−Mh
ikjk
fk = G
◦
qk
(fk).
d) Then there exists a constant M such that for any h > 0 small enough all the tropical curves
defined by fk, k = 1, . . . ,m are smooth or nodal (Definition ??) on ∆ as well as each tropical
curve in the family during the application of G◦qk to fk (Remark 2.5); and
e) the tropical curve defined by fm is ε-close to the tropical curve defined by GqmGqm−1 . . . Gq1g.
4. Smoothing of superharmonic functions
Let F : Z2 → Z be a superharmonic (i.e. ∆F ≤ 0 everywhere) function.
Definition 4.1. For each n ∈ N consider the set Θn(F ) of all integer-valued superharmonic functions
G such that F −n ≤ G ≤ F and G coincides with F outside a finite neighborhood of the deviation set
of D, i.e.
Θn(F ) = {G : Z2 → Z|∆G ≤ 0, F − n ≤ G ≤ F,∃C > 0, {F 6= G} ⊂ BC(D(F ))}.
Define Sn(F ) : Z2 → Z to be
Sn(F )(v) = min{G(v)|G ∈ Θn(F )}.
We call Sn(F ) the n-smoothing of F .
Let us fix p1, p2, q1, q2, c1, c2 ∈ Z such that p1q2 − p2q1 = 1. Consider the following functions on Z2:
(4.2) Ψedge(x, y) = min(0, p1x+ q1y),
(4.3) Ψvertex(x, y) = min(0, p1x+ q1y, p2x+ q2y + c1),
(4.4) Ψnode(x, y) = min
(
0, p1x+ q1y, p2x+ q2y + c1, (p1 + p2)x+ (q1 + q2)y + c2
)
.
Theorem 2 ([5]). Let F be a) Ψedge, b)Ψvertex, or c)Ψnode. The sequence of n-smoothings Sn(F ) of
F stabilizes eventually as n→∞, i.e. there exists N > 0 such that Sn(F ) ≡ SN (F ) for all n > N . In
other words,there exists a pointwise minimum θF (we call it the canonical smoothing of F ) in
⋃
Θn(F ).
verified
4.1. Waves and operators Gp.
Remark 4.5. Note that ∆θF ≥ −3 because otherwise we could decrease θF at a point violating this
condition, preserving superharmonicity of θF , and this would contradict to the minimality of θF in⋃
Θn(F ).
Consider a state φ = 〈3〉 + ∆θF . By the previous remark, φ ≥ 0. Let v ∈ Z2 be a point far from
{∆θF 6= 0}. Let F equal to ix + jy + aij near v. Then, informally, sending a wave from v increases
the coefficient aij by one.
Lemma 4.6 ([5]). In the above conditions, Wvφ = 〈3〉+θF ′ where Wv is the sending wave from v (see
[5]) and F ′ = Add1ijF (Definition 2.3).
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Therefore, if φ = 〈3〉 + ∆F where F is a tropical polynomial such that C(F ) is smooth or nodal,
then sending waves from p corresponds to the operators Add. Then, (φ + δp)
◦ can be obtained by
sending waves until v has less than three grains after the wave. This corresponds to applying Add until
a point gets to the tropical curve, i.e. this corresponds to the operator Γp. Note that we can not avoid
perestro¨ıki (Definition ??) because they happen during application of Gp (Lemma ??) therefore we
study not only F defining a smooth tropical vertex or a node, but also nearby to the node configurations
(Ψnode).
Canonical smoothings in Theorem 2 provide us with the building blocks of the set D(φ◦h). The
smoothing of Ψedge represents a sandpile soliton, becoming a tropical edge in the limit, the smoothing
of Ψvertex represents a sandpile triad, becoming a smooth tropical vertex in the limit, and the smoothing
of Ψnode represents the degeneration of two sandpile triads into the union of two sandpile solitons.
Definition 4.7 (Canonical smoothing of a tropical polynomial). Let f be a ∆-tropical polynomial,
such that C(f) is a smooth or nodal tropical curve. Then, for small enough h > 0, we define the
canonical smoothing Smoothh(f) : Γh → Z as follows. We consider the lattice hZ2 ⊂ R2 and define
F (x, y) = [h−1f(x, y)]. This defines a piece-wise linear function on ∆ (cf. (6.4)) and we extend it to
R2, using its formula. The curve C(f) has a finite number of edges and vertices, which are smooth
or nodal. Hence the same is true for C(F ) if h is small enough. Each local equation of vertices and
edges of C(F ) belongs to the cases in Theorem 2. We apply Theorem 2 for all these local equations.
Hence there exists N > 0 such that the smoothings of all the local equations of edges and vertices of
C(F ) stabilize after N steps. Finally, we define Smoothh(f) as SN (F ) restricted to Γh. We call this
procedure the canonical smoothing of F (or the canonical smoothing of f with respect to h). Note that
Smoothh(f) may be negative.
Remark 4.8. The canonical smoothing procedure changes F only in BNh(D(F )) where N is an
absolute constant, which only depends on the slopes of the edges of C(f). Therefore if h is small enough,
the smoothings of different vertices and edges never overlap. In this case we say that Smoothh(f) is
well defined.
5. Proof of the lower estimate
Proposition 5.1. Suppose that Ω = ∆ ⊂ R2 is a Q-polygon. Choose any ε > 0. Then, the toppling
functions Hh of the states φh (see (1.9)) satisfy
hHh(z) > f∆,P (z)− ε at all z ∈ ∆h
for all h > 0 small enough. Furthermore, the sets D(φ◦h) are ε-close to C(f∆,P ) ∪ ∂∆.verified
Proof. We will construct a state on ∆h whose toppling function is less than that of φh, and whose
relaxation (via wave decomposition ) is completely controlled by operators Gpi . We rely on Lemma 3.4,
which provides us a Q-polygon ∆′ ⊂ ∆ with a small function g, such that C(g) is a smooth tropical
curve, and an approximation of GP 0∆ by operators G
◦
qi such that during application of these operators
all intermediate tropical curves are smooth or nodal. In what follows we use the notation of Lemma 3.4.
Using fk we define Fk = [h
−1fk] : Γh → Z≥0 as in (6.4). We can choose h > 0 small enough
such that all canonical smoothings Smoothh(fk), k = 0, . . . ,m are well defined (Remark 4.8). We
denote by Smoothh(fk) the canonical smoothing of Fk (see Definition 4.7). Define the states φk =
3 + ∆Smoothh(fk).
The final step is to use the fact that waves commutes with smoothings (we proceed as in Lemma 4.6
but with the global notation). Namely, let 0 ≤ k ≤ m. Fix the notation by
Fk(x, y) = min
(i,j)∈A
(ixh−1 + jyh−1 + [aijh−1])
with finite A. By Proposition ??, the points pi do not belong to C(fk) and so do not belong to C(Fk)
as long as h is small enough. Let v = h[h−1qk]. Then φk(v) = 3. Suppose that v belongs to the region
where i0xh
−1 + j0yh−1 + [ai0j0h
−1] is the minimal monomial. Denote
F ′(x, y) = min
(i,j)∈A
(ixh−1 + jyh−1 + [a′ijh
−1])
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where a′ij = aij if (i, j) 6= (i0, j0) and a′i0j0 = ai0j0 + h. Then Wvφk = 〈3〉 + ∆Smooth(F ′) (Corollary
2.10 in [5]).
Recall that f1 = Add
h[e1h
−1
]−Mh
i1j1
g.
Therefore
Smoothh(F1) = W
[e1h
−1
]−M
h[h−1pi]
Smooth(F0).
Therefore, the toppling function of φ0 +
∑
p∈P δp is at least Fm. The proposition follows, since the
toppling function of φ0 +
∑
p∈P δp is less then the toppling function of 〈3〉+
∑
p∈P δp. Note that thanks
to the construction of g we had no topplings near the boundary of ∆′ during this process. We finished
the proof of Proposition 5.1. 
In other words, the deviation sets converge to the tropical curve everywhere outside an arbitrary
small neighborhood of the boundary of ∆. This is the core statement in this paper, the proof of the
main theorem heavily relies on it.
6. Proper roundings and estimate from above
Definition 6.1. A set of roundings Ph = {ph|p ∈ P} for the set of points P is called proper if the
function
(6.2) F : Ωh → Z≥0, F (z) = [h−1fΩ,P (z)]
has negative discrete Laplacian at all points ph. Here [·] stands for the usual integer part of a non-
negative number.
Proposition 6.3. For each finite subset P of Ω◦ there exists a set Ph of proper roundings.
Proof. Recall that the piece-wise linear function fΩ,P : Ω→ R≥0 is not smooth at P . Let
fΩ,P (x, y) = min
(i,j)∈A
(ix+ jy + aij).
We consider the function (6.2). Note that on Ωh we have
(6.4) hF (x, y) = min
(i,j)∈A
(ix+ jy + h[aijh
−1]).
The difference between corresponding coefficients aij and h[aijh
−1] is at most h. It follows from
Lemma 2.7 that for each p ∈ C(fΩ,P ) there exists an h-close to p point ph ∈ Ωh such that ph and one
of its neighbors in Ωh belong to different regions of linearity of F . This implies that ∆F (p
h
i ) < 0 for
i = 1, . . . n. 
In fact, the set Ph = {ph} of proper roundings depends on Ω and P , so we should write phΩ,P for
each point p. Nevertheless, for a fixed h small enough this rounding ph of p ∈ P depends only on
the behavior of C(fΩ,P ) in a small neighborhood of p. The choice in the above proof depends only on
arbitrary small neighborhood of p ∈ P on C(Ω, P ). Therefore we can fix choices (for example: “take
the nearest point in Ωh from the south-east region of p”) for all possible neighbors of a points in a
tropical curve.
Corollary 6.5. If p ∈ P ∩ P ′,p ∈ Ω ∩ Ω′ and C(fΩ,P ) coincides with C(fΩ′,P ′) in a neighborhood of
p, then phΩ,P = p
h
Ω′,P ′ .
Proposition 6.6. The function
F (z) = [h−1fΩ,P (z)], z ∈ Ωh
bounds from above the toppling function Hφh
of φh.
Proof. We apply the Least Action Principle ([3],[5]): if F ≥ 0 on a graph, φ + ∆F ≤ 〈3〉, then F
bounds the toppling function of φ from above. In our case, proper roundings exist and ∆F (ph) < 0
for p ∈ P by the definition. 
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On the other hand, in a certain setting a rounding is not necessary at all, as it was in [6], Section
1.2.
Proposition 6.7. If P ⊂ Z2, Ω is lattice polygon, and h−1 ∈ N, then we can take the proper roundings
ph = p for each p ∈ P .
Proof. If P ⊂ Z2, h−1 ∈ N and Ω is a lattice polygon, then for f = fΩ,P , in (1.4) aij ∈ Z. Indeed, near
the boundary of Ω that holds because Ω is a lattice polygon, and then when a linear function with
aij ∈ Z is equal to another linear function at p ∈ P this guarantees that its coefficient ai′j′ is also
integer. Therefore h[h−1aij ] = aij in the proof of the Proposition 6.3, so ph = p for all p ∈ P . 
Note that in the situation of this proposition all the increments of coefficients while applying Gp,p ∈
P are also integers, therefore, the process in Proposition 2.2 terminates in a finite number of steps.
This allows to make computer simulations.
7. Proof of the main theorem
Lemma 7.1. If the toppling function Hψ of a state ψ on Ωh is bounded by a constant C > 0, then
D(ψ◦) ⊂ BCh(D(ψ) ∪ ∂Ω).
Proof. Consider a point z ∈ D(ψ◦). Suppose that z does not belong to D(ψ) or ∂Ωh. Then ∆Hψ(z) <
0, therefore there exists a neighbor z1 of z such that Hψ(z1) < Hψ(z). If z1 does not belong to
D(ψ) or ∂Ωh, then ∆Hψ(z1) ≤ 0, and Hψ(z1) < Hψ(z) implies that z1 has a neighbor z2 such that
Hψ(z2) < Hψ(z1). We repeat this argument and find z3, z4, etc. Since Hψ ≤ C , we can not have such
a chain of length bigger than C + 1. Therefore, starting with any point z ∈ D(ψ◦) and passing each
time to a neighbor we reach D(ψ) or ∂Ωh by at most C steps, which concludes the proof. 
Remark 7.2. A piecewise linear analog of Lemma 7.1 is Lemma 2.7.
Proof of Theorem 1. Consider a compact set K ⊂ Ω◦, such that P ⊂ K, and choose any ε > 0 small
enough. Choose a Q-polygon ∆ = Ωε,K by Lemma 3.2. We consider the state φεh = 〈3〉+
∑
p∈P δ(p
h)
on ∆h. Note that the roundings p
h of points p ∈ P in ∆h are the same as for Ωh by Corollary 3.3
and Corollary 6.5.
Note that (φεh)
◦ can be thought of a partial relaxation of φh. Denote by H the toppling function of
φh (on Ωh) and by H
ε the toppling function of φεh (on ∆h). Therefore, hH ≥ hHε.
Since ∆ is a Q-polygon, then, by Proposition 5.1 we can choose h small enough, such that hHε >
f∆,P − ε.
On B3ε(K), combining the above arguments with Proposition 6.6 and Lemma 3.2, we obtain
(7.3) f∆,P − ε < hHε ≤ hH ≤ h[h−1fΩ,P ] ≤ fΩ,P = f∆,P + ε.
Hence by Lemma 7.1, on B3ε(K) the deviation set D(φ
◦
h) is 2ε-close to
(D
(
(φεh)
◦) ∩K) ∪ ∂B3ε(K).
By Proposition 5.1, D((φεh)
◦) ∩ K is ε-close to C(f∆,P ) ∩ K which is, in turn, coincides with
C(fΩ,P )∩K (Corollary 3.3). Thus, we proved that D(φ◦h)∩K is 3ε-close to C(fΩ,P )∩K, which is the
statement of the theorem. 
Remark 7.4. Note that (7.3) implies that fΩ,P = limh→0 hHφh on compact sets K ⊂ Ω
◦. This implies
the assertion in previously announced Theorem 5 in [6].
8. The weights of the edges via a weak convergence.
In the notation of Theorem 1, define ψh(x, y) = h
−1
(
3− φ◦h(h[h−1x], h[h−1y])
)
. Note that φh is
not zero only near D(φ◦h).
TROPICAL CURVES IN SANDPILE MODELS 9
Theorem 3 (Theorem 2 announced in [6]). There exists a ∗-weak limit ψ of the sequence ψh as h→ 0.
Moreover, there exists a unique assignment of weights me for the edges e of C(fΩ,P ) such that for all
smooth functions Φ supported on Ω we have
ψ(Φ) = lim
h→0
∫
R2
ψhΦ =
∑
e∈E
(
||le|| ·me ·
∫
e
Φ
)
,
where E is the set of all edges of C(Ω, P ) and le is a primitive vector of e ∈ E, i.e. the coordinates of
le are coprime integers and le is parallel to e.
Proof. Choose small ε > 0, the same as in the proof of Theorem 1. Outside of C(fΩ,P ) the ∗-weak
limit of ψh is zero because for h small enough ψh ≡ 3 outside of ε-neighborhood of C(fΩ,P ) by
Theorem 1. Consider an edge e of C(fΩ,P ) and a strict subinterval e
′ of it, e′ ⊂ e. Consider a small
rectangular Q whose one side is parallel to e and another side has length Ch with a constant C1 big
enough such that Q ∩ C(fΩ,P ) = e′. Choosing h small enough and using ([5], Lemma 6.3) we see that∣∣ ∫
Q
ψh − h−1|le| · |e′|
∣∣ < C2ε, because only the contribution over the long sides of Q matters and the
contribution of infinitesimally small sides of Q is small, and the actual rescaled by h toppling function
is ε-close to fΩ,P .

9. Discussion
9.1. Continuous limit. Tropical curves appear as limits of algebraic curves under the map logt | · |
when t → ∞. It is natural to ask how we can obtain a continuous family of “sandpile” models which
converges to the pictures we studied in this paper. An attempt to present such model was made in
[19] and it is yet to be understood how translate the results and methods of this paper in this new
framework.
9.2. Application of our methods: fractals and patterns in sandpile. The sandpile on Z2
exhibits a fractal structure; see, for example, the pictures of the identity element in the critical group
[11]. As far as we know, only a few cases have a rigorous explanation. It was first observed in [13]
that if we rescale by
√
n the result of the relaxation of the state with n grains at (0, 0) and zero grains
elsewhere, it weakly converges as n→∞. Than this was studied in [9] and was finally proven in [15].
However the fractal-like pieces of the limit found their explanation later, in [7, 8] and happen to be
curiously related to Apollonian circle packing.
Periodic patterns in sandpiles were discovered by S. Caracciolo, G. Paoletti, and A. Sportiello in a
pioneer work [1], see also Section 4.3 of [2] and Figure 3.1 in [14]. Experimental evidence suggests that
these patterns carry a number of remarkable properties: in particular, they are self-reproducing under
the action of waves. That is why we call these patterns solitons. Solitons naturally appear during
relaxations on convex domains. In Figure 1 on the first two pictures we see these patterns for the
directions (1, 0), (1, 1), (1, 2). A pattern for directions (−1, 3), (3,−1) can be seen on the third picture
(it is represented by two edges at the top left corner). Solitons on pictures correspond to edges of the
limiting tropical curve.
A lot of work is to be done in future. The work [16](see also [17]) contains a lot of pictures and
examples with apparent piece-wise linear behavior. We expect that the methods of this article will
be used to study the fractal structure in those cases.
9.3. The content of this paper and where to find proofs of previously announced results.
In [6] we announced several theorems which are proven in this paper. Here we list where to look for
the proofs. Theorem 1, in [6], is Theorem 1 here. Theorem 2 in [6] is proven in Section 8. Theorem
3 in [6] easily follows from Theorem 1, and is proven in [4]. Theorem 4 in [6] follows from Theorem 1
here just because of the definition of the function fΩ,P (see Definition 1.5). We prove Theorem 5 in [6]
on the way of the proof of Theorem 1, see Remark 7.4.
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